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Abstract 
As a corollary to a previous work, a new exact numerical series is deduced for the Biot number for the 
case of elementary geometries. This series is rapidly converging, allowing a very accurate approximation 
when truncated at its first term. 
On the basis of this first approximation to the series, the equation is generalized and proposed to 
indirectly estimate the Biot number for regular geometries. 
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Nomenclature 
= Series expansion constants 
 Thermal diffusivity ( ) 
 = Biot number 
 = Fourier number 
 = Surface heat transfer coefficient ( ) 
 = Zeroth-order Bessel function of first kind 
 = First-order Bessel function of first kind 
 = Geometry-dependent constants 
 = Thermal conductivity ( ) 
 = Major axis of the ellipsoid (m) 
 = Shortest body length (m) 
 = Temperature (ºC) 
 = Temperature of the medium (ºC) 
 = Initial temperature (ºC) 
 = Semi axes of the ellipsoid (m) 
 = Dimensionless distance from the centre 
 = Dimensionless ratio of temperature difference 
 = Dimensionless ratio of mass average temperature difference 
 
Greek letters 
 = Dimensionless slope of the heat source 
 = Dimensionless number of the heat source 
 = Solutions to the transcendental equation of boundary condition 
 = Geometric constant 
; ;  = Shape parameters 
 = the spatial component of the solution in Fourier series expansion 
Subscripts 
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1 = First term in infinite series 
 = Value on the centre 
 = Index of geometric component 
 = Value when Bi  
 = Index in infinite series 
 
1. Introduction 
The surface heat transfer coefficient  is a key parameter in the calculation of heating/chilling time, and 
hence in the design of facilities for thermal treatments of foods (hydro-cooling, air-cooling, cooking, etc.). 
In heat transfer it acts in boundary conditions (of the third kind) governed by Newton's law of cooling [1], 
according to whom the amount of heat  per unit of time that passes through a surface element  
which is at the temperature , to an external medium which is at the temperature  is governed by the 
equation: 
      (1) 
This parameter is external to the solid body being cooled/heated, but it determines its (internal) 
cooling/heating rate. It is linked to the boundary layer between the solid itself and the external fluid that 
extracts/inputs heat [2], [3]. Its value depends on the geometry of the body, the friction coefficient and the 
physical properties and velocity of the fluid. To determine that value it is necessary to ascertain the 
energy that is exchanged with the body, as done for example by Kwon et al. [4], who use a naphthalene 
sublimation technique to measure the heat yielded by the body. 
Normally the surface transfer coefficient is measured indirectly, as reported in the reviews [5] and [6]. In 
elementary geometries, if the time-temperature history is measured experimentally at a certain point, the 
Biot number can be derived indirectly. This method has been used by numerous authors in Food 
Engineering as seen, for example, in [5], [7]-[11]. The method is based on the linear approximation 
reached on a semi-logarithmic scale by the temperature history after an initial time. Conduction should 
then be considered in a simply-shaped, homogeneous and isotropic solid suddenly immersed in a moving 
fluid at temperature . If the body is initially at a uniform temperature  and there is no internal heat 
generation, the separate-variables solution to the equation for heat transfer by conduction in elementary 
geometries is given by the sum of a series of infinite terms [12]. In practice, this series converges rapidly 
and, after a certain time has elapsed (  [5]), only the first series term is significant, and the infinite 
series may be approximated to its first term. On a semi-logarithmic scale this can be plotted by means of a 
straight line: 
      (2) 
The constant  depends on the geometric shape and the exchange of heat with the external medium (Biot 
number, ), but not on the internal position of the body. Actually,  is the first solution of the boundary 
layer transcendental equation:  
       (3) 
Which is the dimensionless expression of equation (1).  is the ratio between internal and external 
resistances and represents the dimensionless surface heat transfer coefficient . Constant  is the "lag 
factor", which depends both on the Biot number and the internal position of the point in the body. In the 
case of elementary geometries its explicit expression is: 
      (4) 
Where  is the first of the series expansion coefficients of the complete solution and function
 
is 
the spatial component of the solution (  for an infinite slab, 
 
for an infinite cylinder and 
 for a sphere) [12].  
So, if the time-temperature history is measured experimentally at a certain point, the slope  may be 
obtained by empirical linear regression and this value can be used to determine  by solving in equation 
(3). This is called the "rate method" [8]. Or if the lag factor  is determined simultaneously at the centre 
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and at another point inside the body with a dimensionless coordinate , the value of the Biot 
number can likewise be determined- This is called the ratio method [8]. In fact, if the lag factor is 
measured at the geometric centre ( ), since at this point , the lag factor is . 
For , its value is (Eq. 4) . Hence, if both values of  are divided, the value of the 
function  can be found. Then, by applying equation (3), the Biot number —that is the value of the 
surface heat transfer coefficient— can also be determined. 
For more complex geometries (irregular and three-dimensional in general) or for heterogeneous or 
anisotropic solids, a numerical calculation is required for inverse evaluation of the surface heat transfer 
coefficient. In this connection, as seen, for example in [13] (time-dependent heat transfer coefficient), 
[14]- [16], and [17] (who additionally use an iterative process to evaluate the spatial distribution of the 
surface heat transfer coefficient). 
This paper presents a new general numerical series for the Biot number, which is mathematically exact in 
the case of the three elementary geometries, from which it is possible to deduce a first, highly precise 
approximation by truncating the series at its first partial summation. This approximation is generalized to 
other geometries on the basis of the regular geometries (parallelepiped and finite cylinder). 
 
2. Numerical series for elementary geometries 
As shown in the Appendix A, the function  
 
and the ratio 
 
can be written for the three 
elementary geometries as exact numerical series in the form: 
 
         (5) 
Where: 
 
 
         (6) 
Be it remembered that  and  for the flat plate;  and 
 for the infinite cylinder; and  and 
 for the sphere. By substituting equation (6) in equation (3) the Biot number 
can be solved, leaving the exact numerical series: 
 
         (7) 
 is the geometric constant (1 for infinite slab, 2 for an infinite cylinder and 3 for a sphere) and 
  are the values of 
 
when :  
 
for Infinite slab;  for the 
Sphere. In the case of an infinite cylinder, the values have been tabulated. Table I shows the first 20 roots 
 
for the infinite cylinder, and also the corresponding values of 
 
[18]. 
 
Table 1. 
 
It follows that series (7) is mathematically exact for elementary geometries, the same as series (6) from 
which it is derived. As it can be seen, its value depends only on the slope  and global geometric factors, 
but is not dependent on internal position in the body, nor (explicitly) of the function  corresponding 
to each particular geometry. Its dependence on the latter is mediated by its geometric constant 
 
and by the maximum values of  ( . 
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Thus, these series serve to derive the Biot number for elementary geometries from the slope of the 
 line. Its validity is shown in Fig. 1, where the Biot number, calculated from series (7), is 
plotted on the y-axis versus the real Biot number (on the x-axis). In all three geometries series (7) should 
lead to a single diagonal, which is depicted with solid line in Fig. 1. 
Fig. 1. 
Fig. 2. 
Fig. 3. 
 
3. First approximations to numerical series (7) 
3.1. Estimation of the Biot number in elementary geometries 
Series (6) is very rapidly convergent, and hence so is series (7) derived from it. Fig. 2 shows the deviation 
(%) of the partial series as a function of the number of terms taken for the sum. The reference Biot 
number is  in all three geometries, since, as will be seen in Fig. 3,  is approximately the 
value for which is the error is maximum. As can be seen in Fig. 2, the convergence is very rapid, and in 
any case this is always an approximation by default (value smaller than the exact value), since in any case 
(7) is a monotonically increasing series. The maximum error introduced in the inverse calculation of the 
Biot number from the value of the slope , taking as an approximation the partial sum reduced to the 
first term, is -1.77% for the sphere, -1% for the cylinder and -0.33% for the infinite plate. In any case the 
error will be less than -1.8% in the three elementary geometries, which, given that often the 
thermophysical constants are known with a greater degree of inaccuracy is a reasonable approximation in 
Food Engineering [19]. This is clearly illustrated in Fig. 3, which shows the error (%) produced by taking 
the first approximation for elementary geometries (Equation 8, below) as a function of the logarithm of 
the Biot number. As seen, the maximum error is indeed around  and diminishes rapidly to either 
side of this value. In this way the complete series can be approximated by means of the first partial series 
and thus approximate the Biot number by means of its first two terms: 
 
          (8) 
In this equation,  depends on the slope  and on the two constants that depend only on the geometry: 
 and . 
Adding the second term, the maximum error falls to -0.40% for the sphere, -0.20% for the cylinder and -
0.05% for the infinite slab. 
 
3.2. First approximations to the Biot number in other geometries 
As can be seen in Appendix B, for a paralellepiped and a finite cylinder, equation (8) can be generalized 
to the equation: 
 
          (9) 
where 
 
         (10) 
Here,  is no longer a solution of boundary equations but responds to the following expression: 
        (11) 
And therefore: 
       (12) 
 can be written as: 
      (13) 
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Where  are the shape ratios and the components  
 
are the relevant boundary solutions. In 
equations (11) to (13) the summation is extended to match the number of component geometries. 
Equation (9) generalizes equation (8) for parallelepiped and finite cylinder. In fact, for elementary 
geometries  and this equation matches equation (8), corresponding to elementary geometries. As seen 
in this equation, in addition to depending on the slope ,  depends on three constants that depend only 
on geometric shape: ,  and .  
With this equation (9) the maximum error was found for a flattened square prism with a base ten times the 
height, in this case -7.49%; the mean deviation found for the parallelepiped and finite circular cylinder 
was -1.71%., and the average maximum deviation was -3.36% (this is the default deviation in all cases). 
 
3.3. Ellipsoids 
Given the general nature of equation (9), it seems reasonable to extend its use to other geometries in which 
the values of the three geometric constants occurring there can be determined. In the case of ellipsoids the 
constants that depend only on geometry can be calculated as follows: 
 
3.3.1. Geometrical constant . 
This constant can be calculated directly using exact equations both in triaxial ellipsoids [20] and in ellipsoids 
of rotation [21]. However, it can also be calculated simply and approximately using the approximate formula 
for the ellipsoid surface developed by Igathinathane and Chattopadhyay [22]-[23] which can be written as 
follows with the present nomenclature: 
  (14) 
with: 
; ; ;  
 y  
Thus, the geometric constant  is defined as [20]: 
        (15) 
The volume of the ellipsoid is [20] and [21]: 
   poraqui    (16) 
Thus, substituting in (15) and rearranging terms gives: 
A) Triaxial 







2
2
1
413221
1
2
031





AAAAA  
B) Prolate ( 12  ;   LR1 ) 






 24321
031 

AAAA
A
    (17) 
C) Oblate (   LR12 ) 
  4312031 AAAAA       (18) 
 
3.3.2. Maximum slope  
The value of 
2
M  can be estimated by means of the equation of Smith et al. [24]: 
  2322
2
2
3
2
2
22 32
88
3
8
3
4
1
. 

 





M    (19) 
Where the shortest lenth is taken as the "x" coordinate. 
 
3.3.3. Constant  
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For K  [25], as can be clearly seen in equation (10), the numerator and denominator are identical, except for 
the exponent to which 
j  
are raised. Therefore, using this same criterion for the ellipsoid: 
 
 3332
2
3
2
2
32
32





K       (20) 
 
4. Summary of the procedure 
1) From the time-temperature data make the table -  (dimensionless). 
2) Select the linear portion of the complete history ( , [5]) and make the table -  
3) Make linear regression to find the (minus) slope  
4) Calculate the geometrical constant. The following particular values can be taken:  for flat 
plate,  for infinite cylinder and  for sphere.  for parallelepiped 
and finite cylinder. For other geometries Equation (15) can be applied: 
 
5) Calculate the maximum slope . The following particular values can be taken: = 2.4674 
for flat plate,  for infinite cylinder and 9-8696 for the sphere. For 
parallelepiped or finite cylinder apply the equation (12): 
 
For other geometries, applay the Smith Equation (19): 






 23
2
2
22
8
3
8
3
4
1
M  
6) Calculate the constant . In the case of elementary and cubic geometries (cube, cylinder of equal base 
that diameter or sphere) . For other geometries apply equation (10): 
 
7) Apply equation (9) to estimate : 
 
8) Resolve the surface transfer coefficient : 
 
 
5. Practical examples 
5.1. Example I Elementary geometries 
Awuah et al. [8] present values both for the slope and for the surface heat transfer coefficient derived 
from them, calculated in a 25.40 mm-diameter infinite cylinder made in Teflon with reference both to the 
thermal centre and to a point inside the cylinder located 3.39 mm below the surface. The thermophysical 
parameters that have to be considered are CmºW  29.0k  and sm  1035.1 27a . 
As this is an infinite cylinder, 1K , 21  and 2.405M  so that substituting in equation (9) 
and resolving the surface transfer coefficient h : 










2
22
5.78325.783
2
2
1


R
k
h  
Which gives the values of h  calculated as functions of the value of the slope 2 . 
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This can also be compared with the values derived by solving  in the following equation from Dincer 
[10], [11]: 
 
Fig. 4 shows present (Eq. 9) and Dincer values, plotted as , compared with the values reported by 
Awuah et al., plotted as  in the figure. The maximum deviation was -2.77% for the present paper and 
5.51% for Dincer equation. 
 
Fig. 4. 
 
5.2. Example II. Regular geometries 
This example is the reverse of the approach in the following example by Cleland and Earle [19] whose 
original proposition is: “It is required to cool blocks of cheddar cheese of dimensions 0.30 m x 0.38 m x 
0.56 m. […]. The surface heat transfer coefficient taking account of resistance in the cheese carton wall, 
and in the air stream, is . Thermal properties of the cheese are  and 
.” 
As the cheese may be taken to be a parallelepiped of dimensions , , 
, it may be considered as a compound shape formed by the intersection of three infinite 
slabs. The reference length is thus  and therefore: 
0.54
28.0
15.0
1
1 
X
R
  
0.79
19.0
15.0
2
2 
X
R
  
And the exact value 3.382   will be found. 
 
Present paper: Inverse solution using the present model (Eq. 9) 
In the present case the proposition is as follows: In chilling of a block of cheddar cheese of dimensions 
0.30 m x 0.38 m x 0.56 m, whose thermal properties are 
-1-1K Wm42.0k  and 
-1-36 KJm 1074.3 C , the slope of the straight part of the cooling curve obtained by regression from 
the time/temperature table is 3.382  . We are asked to estimate the surface heat transfer coefficient. 
For the infinite slab: 11i  and   2.46742
22
,   iM , and as seen above, 0.541   and 
0.792  . Hence (equations 12, 13 and 10): 
 
 
 
Given that 3.382  , substituting in equation (9): 
4.61
38.371.4
38.3
71.4
2
16.1
1
33.2
1
38.3 






Bi  
Therefore: 
1-2- K  Wm12.90
15.0
42.061.4





R
kBi
h  
Since the real value is 
-1-2K Wm13h , the error is -0.77% 
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5.3. Example III. Other geometries 
The data are from experiments conducted on cherimoya to determine the effect of thermal shocks on the 
ripening process, and particularly on softening
*
. 
Thermal treatments were applied in a cabin with water spraying to permit strict control of temperature 
and relative humidity. The treatment was performed at an air temperature of 42ºC and 80% relative 
humidity until the thermal centre reached 40ºC, with real-time temperature recording for 60 minutes. 
Cherimoyas weighing 500 grams at an initial temperature of 15.6 ºC were placed on trays with 
thermocouples inserted in the peduncular region and located on the floral axis of the fruit (thermal centre) 
with 4 replicates per treatment. 
The principal diameters of the cherimoya specimen used in this example were approximately: Equatorial 
diameter cm 9.4422 32  XX , and maximum longitudinal diameter cm  10.172 1  XL . The 
measured volume was 
3cm  482.34V . The density was therefore: 
3-
36
3
m Kg  1036.62
m 10482.34
Kg 10500






V
M
  
The composition taken for the cherimoya per 100 g was [26]: g 5.73Wate rx ; g 3.1Prot x ; 
g 0.24Carboh x ; g 80.0Ash x , which calculating by difference gives a fat content of 
g. 0.499.6100 fatx  These values can be used to calculate the value of the thermophysical 
parameters [27], [28] and thus obtain the following values: Thermal conductivity 
-1-1 K m W 545.0k ; Thermal diffusivity -127 s m 101.503 a  
From the original time (minutes) – temperature (ºC) table, together with these thermophysical parameters, 
it is possible to derive the YFo   table (dimensionless), which is shown in Fig. 5 on a semi-logarithmic 
scale, where the linear portion is clearly visible (in this case 2.0Fo ). The slope in this zone (with the 
sign changed) derived by regression, was: 5.4582  , with a coefficient 990.02 R . It is required 
calculate the surface transfer coefficient of the experiment. 
 
Fig. 5. 
 
For the purposes of this example, the cherimoya may be considered as a prolate spheroid whose volume 
must be the volume of the real fruit. The radius is the lesser of the two semi-thicknesses so that the area of 
the smallest circular section of the equivalent ellipsoid is equal to the area of the corresponding smallest 
real section [24], [25]: hence ; . Since the volume 
of the ellipsoid of revolution is: 
 
resolving 1X gives: 
m  0.0516
m 0472.0
m 104.8234
4
3
4
3
22
3-4
21





 R
V
X  
The dimensional ratio is: 
0.915
0516.0
4720.0
1
1 
X
R
  
To calculate the geometric constant 1  the approximate equation (17) is used: 






 24321
031 

AAAA
A
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giving: 
2.9231  
and the geometric constants  (eq. 19) and K  (eq. 20): 
   9.265915.0132
8
2
2
2 

M  
 
 
1.029
915.0132
915.0132
3
2



K  
Hence, the estimated Biot number is (eq. 9): 
 
508.3
458.5265.9
458.5
265.9
2
029.1
1
923.2
1
458.5 






Bi  
And therefore the estimated surface transfer coefficient is: 
1-2- K  Wm40.504
0472.0
545.03.508





R
kBi
h  
How to check the validity of this result? Since in this case the surface heat transfer coefficient is not 
known, it must be checked by calculating the value of the slope 
2  corresponding to this value of the 
newly-estimated Biot number and comparing it with the experimental value. In this connection [25] 
provide the following interpolation equation to calculate 
2 : 
















1.975,0
1.
2
1
25,12
2
Bi
K
BiK
M


    (21) 
With: 
 
1
1.2
. 2


 M
K
K

       (22) 
As can be seen, equation (21) exactly reflects the asymptotic trends when 0Bi  and when Bi . 
The maximum deviation found for 
2  in the three elementary geometries was 1%, and for the square-
based straight rectangular prism and the elongated circular cylinder it was always less than or in the 
region of 2%. 
Thus, substituting the values in the example gives: 
 
As noted in the data for this example, the value derived directly from the time-temperature table is 
, and hence the difference is -0.96%. 
Lin et al. [29]-[31] propose a method for calculating chilling times of three-dimensional shapes. The 
method is essentially based on the first-term approximation to the analytical solution for the convective 
cooling of a sphere which, when adapted to our nomenclature, can be written: 
 
Where  is the equivalent heat transfer dimensionality [19] and  is the first root of the transcendental 
equation for a sphere. For  ,  and for this example we deduce  and hence 
the value of  estimated by this method for  is 
 
The deviation with respect to the experimental value is 10.91% 
Fig. 5 shows the temperature history in the cherimoya blanching experiment. In this figure is compared 
the slope  obtained by linear regression with the slope obtained by equation (21) and the slope  
deduced using the equation of Lin et al. for the same Biot number. Since only the values of the slope are 
compared, in both cases the lag factor is taken to minimize the error for the corresponding slope. 
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6. Conclusions 
1) If  is the spatial component of the solution in Fourier series, exact numeric series can be deduced 
for the functions  y  
2) A practical consequence of the above is that a new exact numerical series can be deduced for the Biot 
number for the three elementary geometries. 
3) This series can be truncated to its first term to achieve a general and accurate first approximation for 
indirect estimation of the heat transfer coefficient in elementary geometries. 
4) The maximum error introduced in the inverse calculation of the Biot number with this approximation is 
less than 1.8% in the three elementary geometries. 
5) This first approximation can be generalized to indirectly estimate the the heat transfer coefficient in 
regular geometries (parallelepíped and finite cylinder) to give a very general expression in which 
elementary geometries fit as a particular case. 
6) The maximum error was found for a flattened square prism with a base ten times the height, in this 
case -7.5%; the mean deviation found for the parallelepiped and finite circular cylinder was -1.71%, and 
the average maximum deviation was -3.36%. 
7) Because the approximation described in conclusion 5 is so general, it is suggested that the equation 
may be applied to ellipsoids. 
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Appendix A. Deduction of the numerical series 
The deduction of series (5), (6) and (7) in paragraph 2 of this paper involves two other series, which need 
to be substantiated beforehand. To address that issue, this Appendix is divided into three separate parts. 
The first sets out the deduction of these two prior series, and the second and third series (5), (6) and (7), 
which are the actual subject of this paper. 
 
Part one: Prior series (derived from the no heat generation case) 
In the no internal heat generation case the separate-variables solution to the Fourier equation in 
homogeneous and isotropic elementary-geometry solids with uniform initial temperature and with 
boundary conditions of the third type can be written dimensionlessly as follows [12]: 
 



1
0,
2
n
Fo
nn
nexAY
      (A-1) 
0,nA  are the expansion coefficients 
  BiBi
Bi
A
n
n
n
1
2
220, 

 
   (A-2) 
and 
 nn    
n  are the solutions to the transcendental boundary condition equation: 
  Bi       (A-3) 
There are two important special cases of equation (A-1). One is the thermal centre of the solid, where 
0x , and therefore   10  : 
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



1
0,
2
n
Fo
nc
neAY

      (A-4) 
The second is the mass average value: 




1
0,
2
n
Fo
n
n
n
eAY

      (A-5) 
Where 
     

 

 


11
0
x
x
dxx     (A-6) 
And 
 
  BiBi
Bi
AA
nn
nn n 1
12
222
2
0,0,




    (A-7) 
At ,  and hence 1
2
 Fone   and, by construction, both for the centre and for the mass 
average value the temperature is uniform, ie the dimensionless ratio of temperature difference is equal to 
1. Therefore cY  and Y  can be writen: 
1
1
0, 

n
nc AY       (A-8) 
1
1
0, 

n
nAY       (A-9) 
For the case Bi , (A-2) and (A-7) take the following values: 
 
MnMn
MnBin
AA
,,
,0,0,
2
 



    (A-10) 
   
2
,
,0,0,
12
Mn
MnBin
AA




    (A-11) 
nMn  ,  for Bi  and  MnMn ,,   . 
Hence, substituting in (A-8) and (A-9) this gives the two numerical series: 
2
11
,,




MnMn 
      (A-12) 
 12
11
2 

M
      (A-13) 
This series (A-13) increases for all cases to the value of convergence , and is valid for all 
three geometries. In contrast, the series (A-12) (which is an alternating series) is valid only for the flat 
plate and the infinite cylinder. 
The terms of the particular expressions of series (A-12) and (A-13) for the flat plate and the sphere can be 
rearranged to lead to well-known numerical series included in handbooks of mathematical tables [32]. 
However, the series (A-12) and (A-13) are also valid in the case of the infinite cylinder. In this case 
   xJx 0  and    xJx 1 , and therefore the series takes the form: 
2
11
,,1,,

MnCylMn J
 
  4
1
12
11
2
,,



CylMn
 
which can be verified without difficulty, although the convergence is very slow 
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Part two: Series derived from the linear heat generation case 
In the case of an internal heat source linearly dependent on temperature, the separate-variables solution to 
the Fourier equation in homogeneous and isotropic elementary-geometry bodies with boundary conditions 
of the third type leads to infinite series which, expressed in dimensionless terms, can generally be written 
as follows [33]: 
   



1
22
n
Fo
nns
nexAYY
    (A-14) 
where sY  is the steady state solution : 
 











 1
'
.
2
0  



Bi
xBi
T
TT
Y exss    (A-15) 
and 
    and         (A-16) 
The expansion coefficients nA  are: 








220,
1


n
nn AA      (A-17) 
0,nA  are the expansion coefficients for the no internal heat generation case (equation A-2) 
  BiBi
Bi
A
n
n
n
1
2
220, 

 
 
2  and   are the two parameters that define the internal heat source, dimensionlessly expressed: 
k
RA 212         (A-18) 
0
2
0
Tk
RB


        (A-19) 
In these equations  and  are the constants of the linear heat source (not to 
be confused with the coefficients of expansion of the series, equations (A-2) and equation (A-17) and 
exTAAB 100  .  are the solution to the classical transcendental equation (as in the no heat 
generation case). 
As in the first part of this appendix, the main interest falls on the thermal centre and on the mass average 
solutions: 
For the thermal centre ( 0x ;   10  ): 
   



1
,
22
n
Fo
nscc
neAYFoY

    (A-20) 
With the steady state solution: 








 1
2,
 

Bi
Bi
Y sc      (A-21) 
For the mass average: 
   



1
22
n
Fo
ns
neAYFoY

    (A-22) 
where sY  is the steady state value corresponding to the mass average temperature. 
  
13 
 









 1
1
2






Bi
Bi
Ys      (A-23) 
and the expansion constants 
nA : 








220,
1


n
nn AA      (A-24) 
where 
nnn
AA 0,0,   is the value quoted in equation (A-7) 
 
  BiBi
Bi
A
nn
n
1
12
222
2
0,




 
As in the no heat generation case, the initial temperature is constant, and hence 1Y  both for the centre 
and for the mass average value. The following equations are then valid from (A-20) and (A-22): 
  10
1
,  

n
nscc AYY       (A-25) 
  10
1
 

n
ns AYY       (A-26) 
Numerical series derived from the centre equation (A-25) 
By substituting equations (A-21) and (A-17) in (A-25): 
111
' 1
220,2















 

n n
nc A
Bi
Bi
Y





 (A-27) 
Given that 






 








1
22
0,
1
0,
1
220,
1
n n
n
n
n
n n
n
A
AA




 
given that (equation (A-8)) 
1
1
0, 

n
nA  
And simplifying both sides of the equation, (A-27) can be rewritten: 


 

 1
22
2
0,1
n n
nA
Bi
Bi


 
 
And for Bi  


 

1
22
,
2
,0,1
1
n Mn
MnA



 
Finally, inserting equation (A-10): 
MnMn
MnA
,,
,0,
2
 

  
and resolving the function  : 




22
,
2
,,
2
1
1


 MnMnMn
    (A-28) 
Tis equation is valid for the three elementary geometries. The convergence of this series is much more 
rapid than the series (A-12) and (A-13). 
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In the flat plate and infinite cylinder cases, the series (A-12) is valid and therefore the numeric value 1 
can be replaced by the series  0,,1 MnA . Rearranging terms, the series (A-28) can be written more 
simply in the flat plate and infinite cylinder cases, thus: 














1
22
,
2
,
,,
21
n Mn
Mn
MnMna 


   (A-29) 
However, when the value 1 is replaced by the series  0,1 nA  the convergence is necessarily slowed 
down, as in practice, in the partial sums of the series a concrete value (the value 1) is replaced by a 
number of terms from its series. 
 
Series derived from the mass average equation (A-26) 
Operating as in the case of the centre, replacing (A-23): 
 









 1
1
2






Bi
Bi
Ys  
and (A-24) 








220,
1


n
nn AA  
in the mass average equation (A-26): 
  10
1
 

n
ns AYY  
 
111
'
1
1
220,2

















 

n n
nA
Bi
Bi





 

 
And in the case Bi , considering (A-9): 
10,  nA  
and operating as in the previous case, the result is: 
  














1
22
,
2
0,,1
1 n Mn
MnA






 
and since (equation (A-11): 
 
2
,
,0,
12
Mn
MnA


  
Finally yields the following series for the ratio    : 
 
 
















1
22
,
2
2
,
12
1
1 n MnMn 







   (A-30) 
The convergence of this series is very rapid, and in practice 4 or 5 terms are sufficient to determine the 
value very precisely. 
Here again, the constant value 1 can be replaced by the series  0,,1 MnA , which in this case is valid 
for all three geometries, as seen in equation (A-11), in Part One of this Appendix. The result is a general 
one, which is thus simpler but obviously slower in terms of convergence. It is as follows: 


 


1
22
,
2
n Mn 





     (A-31) 
As in the case of series (A-12) and (A-13), the particular expressions of series (A-29) and (A-31) for a flat 
plate and a sphere, and of series (A-30) for a sphere, terms can be rearranged to lead to known series [32]. 
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However, it is easy to see that the four series (A-28) to (A-31) can be applied in all cases, including the 
infinite cylinder. 
 
Part Three. Consequence of series (A-30) y (A-31). Biot number. 
The series (A-30) and (A-31) have a practical application in the inverse calculation of the Biot number for 
a given slope 
2  in the case of the three basic geometries. In fact, from purely mathematical 
considerations,   can be considered simply as the real independent variable ( x ) depending on which 
the functions  x  and    xx '  can be calculated according to the series (A-28) to (A-31). This 
specific variable can take the particular value x , so that these series can be used to calculate these 
functions for the value  . This gives: 
   


22
,
2
,,
2
1
1


 MnMnMn
    (A-32) 
  













1
22
,
2
,
,,
21
n Mn
Mn
MnMn 


    (A-33) 
 
   
 
















1
22
,
2
2
,
12
1
1 n MnMn 





  (A-34) 
 
  

 


1
22
,
2
n Mn 



     (A-35) 
If, in heat conduction with boundary conditions of the third type, the value   is the solution to the 
transcendental equation (A-3), solving    



 Bi

  
And substituting in (A-34) and (A-35), it is concluded that, for the three basic geometries, the Biot 
number can be written as the expansion of the following two numeric series: 
 
 












 

1
22
,
2
2
,
2 12
1
1 n MnMn
Bi




   (A-36) 


 

1
22
,
2
2
n Mn
Bi


      (A-37) 
Although both series are valid, for practical purposes of calculating with the first approximation, only the 
series (A-36) will be considered since it converges very quickly, while series (A-37) converges much 
more slowly. 
 
Appendix B. Approximation to the Biot number in parallelepiped and finite cylinder 
Series (9) is mathematically exact for elementary geometries, and hence also its first approximation (10) is 
valid for these geometries. The idea is , then, to arrive at a generalization of this approximation (10) for other 
convex geometries. 
 
Analysis of equation (10): 
 
In this equation, if , , and if  . So, the asymptotes 
for  and  are: 
When : 
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        (B-1) 
And for : 
        (B-2) 
That is, in the case of elementary geometries  can be written as the sum of its two asymptotes (eqs. 
B-1 and B-2). For very large values of , such as , (B-2) this gives: 
         (B-3) 
From which, by solving : 
         (B-4) 
 
Generalization to paralellepiped and finite cylinder 
At the limit , equation (B-1) generalizes to an equation that is formally identical for these regular 
geometries [25]: 
        (B-5) 
Where in this case  has the following expression: 
       (B-6) 
And where for parallelepiped and finite cylinder  can be written as: 
     (B-7) 
Where  are the shape ratios and the components 
j  are the relevant boundary solutions. In 
equations (B-6) and (B-7) the summation is extended to match the number of component geometries. 
For a parallelepiped and a finite cylinder, at the limit  equation (B-4) can be generalized in a first 
approximation in the form [25]: 
       (B-8) 
where  
      (B-9) 
In (B-8) the Biot number can be resolved, giving: 
 
Which is a generalization of (B-3). The generalization of (B-2) will then be: 
      (B-10) 
As seen in the previous paragraph, in the case of elementary geometries the approximation is the sum of 
its two asymptotes  and . Therefore, following the same criteria with the two asymptotic 
extremes (B-5) and (B-10): 
     (B-11) 
This equation generalizes equation (10) for a parallelepiped and a finite cylinder. Thus, for elementary 
geometries  and this equation matches the corresponding equation (10) for elementary geometries. 
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Fig. 1. Biot number calculated from series (7) versus the exact Biot number. The unbroken 
diagonal line reflects the Biot number versus itself. 
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Fig. 2. Truncation error (%) of the partial series as a function of the number of terms taken for 
the sum. The reference Biot number is 4Bi  in all three geometries. 
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Fig. 3. Distribution of the error occurring when the complete series (Eq. 7) is substituted by its 
first partial series for elementary geometries (Eq. 8). 
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Fig. 4. Comparison of the estimated surface transfer coefficient ( calch ) versus experimental. 
( exph ): Dotted line = Values of Awuah et al. (1995); Triangles = Present paper; Crosses = Values 
calculated from Dincer (1996)  
 
 
hexp (Awuah et al., 1995) 
hcalc (Present paper) 
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Fig. 5. Comparison of the slope  of the temperature history in cherimoya blanching 
experiment. The solid line represents the present paper approach (Eq. 21). The dotted line 
represents the Lin et al. (1996 a, b and 2000) approach. Only the values of the slope  are 
compared, and therefore the lag factor is taken in both cases to minimize the error in each 
one.  
Table 1. First 20 roots Mn,  and values of  MnJ ,1   in an infinite cylinder 
   
1 2,4048 0,5191 
2 5,5201 -0,3403 
3 8,6537 0,2715 
4 11,7915 -0,2325 
5 14,9309 0,2065 
6 18,0711 -0,1877 
7 21,2116 0,1733 
8 24,3525 -0,1617 
9 27,4935 0,1522 
10 30,6346 -0,1442 
11 33,7758 0,1373 
12 36,9171 -0,1313 
13 40,0584 0,1261 
14 43,1998 -0,1214 
15 46,3412 0,1172 
16 49,4826 -0,1134 
17 52,6241 0,1100 
18 55,7655 -0,1068 
19 58,9070 0,1040 
20 62,0485 -0,1013 
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